Abstract. We show that any type A or C degenerate flag variety is in fact isomorphic to a Schubert variety in an appropriate partial flag manifold.
Introduction and Main Result
Appeared for the first time in the 19th Century to encode questions in enumerative geometry, flag varieties and their Schubert varieties had been intensively studied since then, constituting an important investigation object in topology, geometry, representation theory and algebraic combinatorics. In the years, several variations of these varieties have been considered (affine flag and Schubert varieties, Kashiwara flag varieties, matrix Schubert varieties, toric degenerations of flags, ...). Among them, we want to focus on a class introduced recently by E. Feigin in [5] : the degenerate flag varieties. These are flat degenerations of (partial) flag manifolds and turned out to be very interesting from a representation theoretic and geometric point of view. For instance, they can be used to determine a q-character formula for characters of irreducible modules in type A [7, 8] and C [9, 10] . As for the geometry, degenerate flag varieties share several properties with Schubert varieties: they are irreducible, normal locally complete intersections with terminal and rational singularities [5, 7, 10] . In this work we show that any degenerate flag variety of type A or C not only has a lot in common with Schubert varieties, but it is actually isomorphic to a Schubert in an appropriate partial flag variety. In short: This result is based on the realization of degenerate flag varieties in terms of linear algebra, which is due to E. Feigin in type A [6, Theorem 2.5] and to E. Feigin, M. Finkelberg and P. Littelmann in type C [10, Theorem 1.1]. This description does not use any further information on the geometry of such varieties, and hence the theorem provides an independent proof of their geometric properties such as normality, irreducibility, rational singularities, cellular decomposition, which have been established in [5] , [6] , [7] and [10] by direct analysis.
We now state the precise version of Theorem 1.1 in the case of complete flags of type A (in Section 3 we discuss the case of partial flags, while in Section 4 we discuss the symplectic case). Let n ≥ 1 and B ⊂ SL 2n be the subgroup of upper triangular matrices. For a weight λ of SL 2n , let P λ be its stabilizer. Let ω 1 , . . . , ω 2n be the fundamental weights and let P := P ω1+ω3+...+ω2n−1 from now on. The Weyl group of SL 2n is Sym 2n (the symmetric group on 2n letters) and P corresponds to the subgroup W J of Sym 2n generated by the traspositions J = {(2i, 2i + 1) i=1,...,n−1 }. The variety SL 2n /P is naturally identified with the set of partial flags
The subgroup B acts on SL 2n /P (by left multiplication) and its orbits give the Bruhat decomposition: 2) , e τ (3) < . . . < e τ (1) , e τ (2) , e τ (3) , . . . , e τ (2n−1) .
(For a collection of vectors v of a complex vector space, we always denote by v the subspace spanned by v.) Let σ = σ n ∈ Sym 2n be the permutation defined as
For example, for n = 5 the permutation σ is given by 1 2 3 4 5 6 7 8 9 10 6 1 7 2 8 3 9 4 10 5 .
denote the complete degenerate flag variety associated with SL n+1 (see Section 2 for a definition of such a variety). In [2] it is shown that F l a n+1 is acted upon by the maximal torus T of SL 2n (this is recalled in Section 2).
We are now ready to state the precise version of Theorem 1.1 in the case of complete flags (the general result for partial flags is Theorem 3.1). Theorem 1.2. There exists a T-equivariant isomorphism of projective varieties
where σ is the permutation given in (1.2) and P = P ω1+ω3+...+ω2n−1 .
We notice that since the isomorphism is T -equivariant, it is possible to compute the stalks of the local T -equivariant intersection cohomology of F l a n+1 by using the parabolic analogue of Kazhdan-Lusztig polynomials, defined by Deodhar in [4] . This answers a question posed in [2] (and it was the original motivation for this project). Another corollary of the theorem is that the median Genocchi number h n = χ(F l a n+1 ) (see [6] ) has another interpretation: it is the number of elements τ ∈ Sym J 2n which are smaller than σ in the (induced) Bruhat order. The paper is organized as follows: in Section 2 we prove Theorem 1.2, in Section 3 we discuss its analogue for partial degenerate flags and in Section 4 we prove the analogous result for type C.
Proof of Theorem 1.2
Given an integer n ≥ 1, let F l a n+1 denote the complete degenerate flag variety associated with SL n+1 . In [6, Theorem 2.5] it is proven that F l a n+1 can be realized as follows: let {f 1 , . . . , f n+1 } be an ordered basis of a complex vector space V ≃ C n+1 and let pr k : V → V be the linear projection along the line spanned by f k , i.e. pr k ( a i f i ) = i =k a i f i . Then there is an isomorphism
For convenience of notation, up to an obvious change of basis of V , we prefer to realize F l a n+1 as follows:
Let {e 1 , . . . , e 2n } be an ordered basis of a vector space W ≃ C 2n . For any i = 1, 2, . . . , n, we consider the coordinate subspace U n+i := e 1 , . . . , e n+i ⊆ W and the surjection π i : U n+i / / / / V defined on the basis vectors as
and extended by linearity to U n+i . This induces a chain of embeddings of projective varieties
the concatenation of the above maps. We hence have a diagonal embedding
Let us show that ζ restricts to a map F l
Therefore ζ restricts to an embedding ζ : F l a n+1 ֒→ SL 2n /P . We now recall the action of the maximal torus T ⊂ SL 2n on F l a n+1 defined in [1, Section 3.1]. Let T 0 be a maximal torus of GL n+1 (C). Up to a change of basis, we assume that T 0 acts on V by rescaling the basis vectors f i 's. This induces a diagonal action of n copies T
of V . More precisely we endow every copy V (i) with a basis {f
n+1 } and the torus acts by rescaling the f (i) k 's. We consider the linear map pr i :
defined on the basis vectors by sending f
to zero, and extended by linearity. We define
0 to be the maximal subgroup such that each projection pr i :
It can be checked that T 1 has dimension 2n and hence T 1 is isomorphic to a maximal torus of GL 2n (C). More explicitly, an element λ = (λ 1 , . . . , λ 2n ) ∈ T 1 acts by
Moreover, since the action of T 0 on V induces an action on each Grassmannian Gr i (V ), then the action of T
Since each projection pr i is T 1 -equivariant, this action descends to an action on F l a n+1 . Notice that the action of a point λ ∈ T on F l a n+1 coincides with the action of any of its multiples; we hence see that T := T 1 ∩ SL 2n also acts on F l a n+1 .
We now prove that the map ζ : F l a n+1 ֒→ SL 2n /P is T -equivariant. The maximal torus T in SL 2n acts on W (and hence on each Grassmannian Gr k (W )) by rescaling the basis vectors e k 's : given λ = (λ 1 , . . . , λ 2n ) ∈ T (2.5)
From (2.4) and (2.5) it follows that each map π i is T -equivariant and hence each ζ i is T -equivariant and hence ζ itself is T -equivariant. We now describe the image ζ(F l a n+1 ) ≃ F l a n+1 . We claim that it is given by (2.6)
. This is immediately verified as follows:
In order to show that Y n ∼ = X σ , we observe that for any i = 1, . . . , n we have
It follows that for a partial flag W • ∈ SL 2n /P , condition e 1 , e 2 . . . , e i−1 ⊆ W i ⊆ e 1 , e 2 . . . , e n+i is equivalent to 
The maximal torus T ⊂ SL 2n acts on F l a d , in a similar way as for complete flags (see [1] ). Let λ := ω 2d1−1 + ω 2d2−1 + . . . + ω 2ds−1 and let P = P λ be the corresponding parabolic subgroup in SL 2n . The variety SL 2n /P is naturally identified with the variety of partial flags 1, 2, . . . , s) . We introduce the sets K := {1, 2, . . . , 2n}\{2d i −1| i = 1, 2, . . . , s}, J := {(k, k + 1)| k ∈ K}, and the subgroup W J of Sym 2n generated by J. We have the Bruhat decomposition SL 2n /P ≃ τ Bτ P/P where this time τ runs over the set of minimal length representatives for the cosets in Sym 2n /W J . This set corresponds to the permutations τ ∈ Sym 2n such that τ (2d i ) < τ (2d i + 1) < · · · < τ (2d i+1 − 1). We denote by X τ = Bτ P/P the corresponding Schubert variety. Let σ d be the minimal length representative of the coset σ n W J ∈ Sym 2n /W J (σ n is defined in (1.2)); explicitly, σ d is given by Notice that for d = (1, 2, . . . , n), the permutations σ d and σ n (1.2) coincide.
Theorem 3.1. There exists a T-equivariant isomorphism
Proof. Recall the vector space W ≃ C 2n with basis {e 1 , . . . , e 2n } and the surjections
It can be checked in the same way as in Section 2, that the image of ζ consists of partial flags W 1 ⊂ W 2 ⊂ . . . ⊂ W n such that dimW i = 2d i − 1 and e 1 , e 2 , . . . , e di−1 ⊆ W i ⊆ e 1 , . . . , e n+di . The proof now finishes as for Theorem 1.2.
Symplectic case
In this section we state and prove the analogue of Theorem 1.2 in the case of the symplectic group. In order to fix notation, we start with a brief overview about symplectic flag varieties (see e.g. [12, Chapter 6] ). We consider a positive integer n ≥ 1 and a complex vector space W ≃ C 2n of dimension 2n with ordered basis {e 1 , e 2 , . . . , e 2n }. We fix the bilinear form b W [·, ·] on W given by the following 2n × 2n matrix
where J is n × n anti-diagonal matrix with entries (1, 1, . . . , 1), as usual. In particular the form is non-degenerate and skew-symmetric. Moreover e * k = e 2n+1−k , for k = 1, · · · , 2n. The group Sp 2n consists of those matrices A in SL 2n which leave invariant the given form, i.e.
More explicitly, we consider the involution ι : SL 2n → SL 2n which sends a matrix A to the matrix E( t A) −1 E −1 ; then the group Sp 2n consists of ι-invariant matrices. The advantage of choosing the form as above is that the intersection B ∩Sp 2n = B ι ⊂ SL 2n consisting of ι-fixed upper triangular matrices, is indeed a Borel subgroup of Sp 2n whose maximal torus is precisely the subgroup T ι = T ∩Sp 2n of ι-invariant diagonal matrices.
The parabolic subgroup P = P ω1+···+ω2n−1 of SL 2n considered in Section 1 is stable under ι and the group of fixed points Q := P ι = P ∩ Sp 2n is a parabolic subgroup of Sp 2n . The projective variety Sp 2n /Q can be described as follows: for a subspace U ∈ Gr k (W ) we denote by U ⊥ ∈ Gr 2n−k (W ) the orthogonal space of U in W . The map
is an isomorphism of projective varieties. The variety SL 2n /P sits inside the product n i=1 Gr 2i−1 (W ) and we consider the involution (still denoted by ι)
Gr 2i−1 (W )
The involution ι restricts to an involution on SL 2n /P and the variety Sp 2n /Q = (SL 2n /P ) ι consists of ι-invariant flags. Moreover, the involution ι (on SL 2n ) induces an involution on the symmetric group Sym 2n as follows: it sends τ → ι(τ ), where ι(τ )(r) := 2n + 1 − τ (2n + 1 − r), for r = 1, . . . , 2n. The Weyl group of Sp 2n coincides with the subgroup Sym ι 2n of ι-fixed elements. The element σ n ∈ Sym 2n defined in (1.2) is easily seen to be fixed by ι and it hence belongs to the Weyl group of Sp 2n . The left action of B ι on Sp 2n /Q induces the Bruhat decomposition:
Each Schubert cell B ι τ Q/Q coincides with the set of ι-fixed points C 
where n := 2m − 1, σ n is the permutation given in (1.2) and Q = P ι as above.
In Section 4.1 we prove Theorem 4.1 and in Section 4.2 we state and prove its parabolic analogue. 
We define n := 2m − 1, so that V has dimension n + 1 as in the previous sections. The degenerate flag variety F l a n+1 sits inside the product of Grassmannians n i=1 Gr i (V ). It can be checked that the map ι = i ι i : Thus Theorem 4.1 will follow once we show that the diagram
commutes, where the vertical arrows denote the T-equivariant isomorphism provided by Theorem 1.2 and the horizontal arrow in the bottom is induced by the involution (4.3). In Section 2 we proved that such an isomorphism is the restriction of the map ζ : (2.3) . In order to prove (4.7), it is enough to show that the following diagram
commutes. We therefore need to check that for every point (
Gr i (V ) and for every i = 0, . . . , m − 1, we have
Recall that for every i = 1, . . . , n, ζ i (V i ) := π
, where π i : U n+i → V is the map given in (2.2) and U n+i is the coordinate subspace of W generated by e 1 , e 2 , . . . , e n+i . We prove the following (stronger) statement: for every i = 0, . . . , m − 1, v ∈ U n+m−i and w ∈ U n+m+i we have
It is easy to verify that (4.10) implies (4.9):
⊥ . We will prove (4.10) by induction on i ≥ 0. For i = 0 we need to show that π m : U n+m → V is a map of symplectic spaces, i.e. for every v, w ∈ U n+m we have
. This follows easily from the definitions: Indeed, for a given k = 1, . . . , n, the coordinate vector subspace U n+k of W is given by U n+k = e 1 , . . . , e n , e * n , . . . , e * n−k+1 . In particular, U n+m is generated by e 1 , . . . , e m , . . . , e n , e * n , . . . , e * m and π m is defined on the symplectic basis as follows
We hence assume that (4.10) is true for i ≥ 0 and we prove it for i + 1. In view of (4.5), the map pr m−1+k : V → V (1 ≤ k ≤ m − 1) is the projection along the line spanned by the basis vector f * m−k and we denote pr (m−k) * := pr m−1+k . We notice that the adjoint map pr * i of pr i : V → V is pr i * , i.e.
for every v, v ′ ∈ V . We have already observed that π i+1 : U n+i+1 → V restricted to U n+i ⊂ U n+i+1 coincides with pr i • π i and, using the notation just introduced, this means that the following diagram (4.12)
commutes (the chain of horizontal arrows in the bottom row is given by the canonical embeddings U n+i ֒→ U n+i+1 ). We can now prove (4.10). We write a non-zero element w ∈ U n+m+(i+1) as w = µe * n−m−i + w ′ for some w ′ ∈ U n+m+i and some µ ∈ C; given v ∈ U n+m−(i+1) we need to compute b V [π m−(i+1) (v), π m+(i+1) (w)]. Let us first deal with the case when w ′ = 0, i.e. w = µe * n−m−i : we have We now consider the case when w ′ = 0. In view of (4.11), (4.12), (4.13) and the induction hypothesis we get: ι . Let λ and P λ as in Section 3, so that X σ d ⊂ SL 2m /P λ . Let Q := P ι λ be the parabolic subgroup of Sp 2m . The projective variety Sp 2m /Q coincides with the ι-fixed points of SL 2m /P λ , i.e Sp 2m /Q = (SL 2m /P λ ) ι . Moreover, since the permutation σ d is fixed by ι, the corresponding Schubert variety in Sp 2m /Q is the variety of ι-fixed points X 
